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Abstract 

In this paper, let V n>n +k;<n+k (resp. V n -<s) denote the set of parking functions 
a = (ai, • • • , a n ) of length n with n+k (respe. n)parking spaces satisfying 1 < a% < n + k 
(resp. 1 < ai < s) for all i. Let p n , n +k;<n+k = \Pn,n+k;<n+k\ and p n -< s = |"P n ;<«|- Let 
V l n . <s denote the set of parking functions a = (oi,--- ,a n ) € V n -< s such that a\ = I 
yl I 

n;<s I 



and p l n . <s = I'Pn-Kgl- We derive some formulas and recurrence relations for the sequences 



Pn,n+k-,<n+k, Pn;<s and p l n . <s and give the generating functions for these sequences. We 
also study the asymptotic behavior for these sequences. 
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1 Introductioin 



Throughout the paper, we let [n] := {1, 2, ■ ■ • ,n} and [m, n] := {m, • • ■ , n}. Suppose that 
n cars have to be parked in m parking spaces which are arranged in a line and numbered 1 to 
m from left to right. Each car has initial parking preference if space a« is occupied, the car 
moves to the first unoccupied space to the right. We call (ai, • • • , a n ) preference set. Clearly, 
the number of preference sets is m n . If a preference set (ai, • • • , a n ) satisfies a» < a i+ i for 
1 < % < n — 1 , then we say that this preference set is ordered. If all the cars can find a parking 
space, then we say the preference set is a parking function. If there are exactly k cars which 
can't be parked, then the preference set is called a k-flaw preference set. 

Let n, m, s, and k be four nonnegative integers with 1 < s < m and k < n — 1. Sup- 
pose there are m parking spaces. We use V n ,m;<s;k to denote a set of fc-flaw preference sets 
(ai, - ■ ■ ,a n ) of length n satisfying 1 < ai < s for all i. For 1 < / < s, we use V l nm . <s . k to 
denote a set of preference sets (ai, • • • , a n ) G P„ im; < s; fc such that a x = /. Let P njm;=s;fc (resp. 
V l nm . =s . k ) be a set of preference sets (ax,-- - ,a n ) G V nm < s - k (resp. G V l nm .< s . k ) such that 

0>j = 8 for SOme j. Let Pn,m;<s;k = \Pn,m\<s\k \ j Pn.m <s k = l^nm-<sili Pn,m;=s;k = \^Pn,m;=s;k\ 

and p^ m . =s . fc = I'Pnm-s-fel- ^ or an y °f ^ e above cases, if the parameter k ( resp. m ) doesn't 
appear, we understand k = ( resp. m — n ); if the parameter m and s are both erased, we 
understand s = m = n. 

There are some results about parking functions with s = m = n. Riordan introduced 
parking functions in [11J. He derived that the number of parking functions of length n is (n + 
l) n_1 , which coincides with the number of labeled trees onn+1 vertices by Cayley's formula. 
Several bijections between the two sets are known (e.g., see |Hl HU [T2] ) . Furthermore, define 
a generating function P(x) = ( ~ n+1 ] — x n . It is well known that xP(x) is the compositional 

n>0 n ' 

inverse of the function ip(x) = xe~ x , i.e., ip(xP(x)) = x. Riordan concluded that the number 
of ordered parking functions is ^U- ( 2 ^) , which is also equals the number of Dyck path of 
semilength n. Parking functions have been found in connection to many other combinatorial 
structures such as acyclic mappings, polytopes, non-crossing partitions, non-nesting partitions, 
hyperplane arrangements,etc. Refer to [H El OH 131 E] for more information. 
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Any parking function (a\, ■ ■ ■ , a n ) can be redefined that its increasing rearrangement 
• ■ ■ , b n ) satisfies hi < i. Pitman and Stanley generalized the notion of parking functions in 
[TO] . Let x = (xi, • • • , x n ) be a sequence of positive integers. The sequence a = (01, • • • , a n ) 
is called an x-parking function if the non- decreasing rearrangement (61, • • • , b n ) of a satis- 
fies hi < Xi + ■ ■ ■ + Xi for any 1 < i < n. Thus, the ordinary parking function is the case 
x = (1, • • • ,1). By the determinant formula of Goncarove polynomials, Kung and Yan [9] 
obtained the number of x-parking functions for an arbitrary x. See also PJ2 [161 E] for the 
explicit formulas and properties for some specified cases of x. 

An x-parking function (a±, ■ ■ ■ ,a n ) is said to be fc-leading if a\ = k. Let q Ht k denote the 
number of ^-leading ordinary parking functions of length n. Foata and Riordan [5] derived a 
generating function for q H)k algebraically. Recently, Sen-peng Eu, Tung-shan Fu and Chun-Ju 
Lai [TJ gave a combinatorial approach to the enumeration of (a, b, ■ ■ ■ , 6)-parking functions by 
their leading terms. 

Riordan [TTJ told us the relations between ordered parking functions and Dyck paths. Sen- 
peng Eu et al. [21 E] considered the problem of the enumerations of lattice paths with flaws. It 
is natural to consider the problem of the enumerations of preference sets with flaws. Ordered 
fc-flaw preference sets were studied in J7j . Building on work in this paper, we give enumerations 
of &-flaw preference sets in [S]. 

In this paper, we first consider enumerations of parking functions in V nm <m- When 
m > n, Riordan [JTJ gave a explicit formula p n ,m;<m — (m — n + l)(m + We ob- 

k 

tain another formula p n ,n+k;<n+k = C-oAnJ n( r » + 1 ) ri_1 for an J n > and 

roA \-r k =n ' ' i=0 

k > and find that the sequence p ntn+ k-< n +k satisfies the recurrence relation p n ,n+k-,<n+k = 

k 

S \l)PiPn-i,n-i+k-i;<n-i+k-i- When m < n, at least n — m cars can't find parking spaces. We 

m-2 

conclude that p n ,m;<m;n-m = Tn n — Yl Uj + — i — for any < m < n. 

Then, we focus on the problem of enumerations of parking functions in V n -< s . We prove that 

Pn-,<s = Pn )S ;<s;n-s by a bijection from the sets V n -< s to P„ jS; < s; „_ s for any 1 < s < n. Also we 

fc+i 

obtain that p n - t <n~k = (— l) l ( n ) (n—i J rl) n ~ % ~ 1 {k J r\— i) 1 for any <k< n—1. Furthermore, 

k 

for any n > k+1, we derive two recurrence relations p n< <n-k = Pn;<n-k+i — Yl [i)Pn-i;<n-k an d 

1=1 1 
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k 

E 

4=1 



Pn;<n-k = (n+l) n (") (&-«+ 1) 1)' Vn-i^n-fc Since p n;=n _fc+i =P„;<„-fe+l-p„;<„-fe, 

it 

E 

i=l 



wc 



- > n—i:=n—k 



for any fc > 1 and n > A; + 1 , 



havep n;=n _ fc = p n; = n -ifc+i+G.+ 1 )(™-fc) n fe 2 -E(™)Pr, 
with p n;=n = n n_1 . 

Motivated by the work of Foata and Riordan in [5] as well as Sen- Peng Eu et al. in [I], we 
investigate the problem of the enumerations of some parking functions with leading term I. 



We derive the formula p l n . 



1-2 



8-2 



<s 



E (V)^-*- 1 )^" 1 ^-!) Gli)(a-i-l) n ~Vi for any 



4=0 



4=Z 



1 < / < s < n. We prove that f£-<s = p n -i;<s by a bijection from the sets V^. <s to P n -i;<s for 
any 1 < s < n — 1. Furthermore, for any n > + 1 and / < n — k, we conclude that p l n . <n _ k = 



Pn;<n-k+l ~ E ("i 1 )pL-t;<n-fc an< ^ Pr 
4=1 



n:<n—k 



A - E (V) (* - < + 1) (* + ll^PUn-. Noting 
4=1 

that P l n .- n _ k+1 = Pn-^n-k+l ~ Pn;<n-k, We ° btain Pn;=n = Pn-1 and P™^„-fc = Pn-l;<n-* f O r &ny 

fc > 1. Let fc > 1, then^. =n _ fe = p l n , =n . k+1 + (^K-fc-i-E (VK-i^n-k for any n > A; + 2 

4=1 

and I < n — k — 1. 

Also we give the generating functions of some sequences. For a fixed k > 0, we define a 

P "'" +fc; -" +fc x", then Qo(x) = P(z), Q Jfc (ar) = Q A _i(z)P(z) for 



generating function Qk(x) = E 

n>0 



EM 



any fc > 1. Let Q(x,y) = E Qk{x)y , then Q(x,j/) - x -.p,^. 

fc>0 

Pn;<n — k fl 



Let R k (x) = Yl 



-x n for any k > 0, then Po(x) = P(x) and R k+ \(x) = Rk(x) 



n>k 



fc+1 

^\Rk+i-i{ x ) fo r an y & > 1, with initial condition R\{x) = (1 — x)P{x) — 1. Using this re- 

4=1 *' 

(-i)'(fc+i-Q' ^ t^kd)t x i 



currence relation, by induction, we prove that Rk(x) = P(x) ^ 

4=0 
P{x)-y 
e xy —y 



4=0 



for any k > 0. Let R(x,y) = E Rk(x)y k , then R(x,y) 



k>0 



Let H k (x) 



E 

n>k 



Pn\ = n — k 7t 



x", then if* (a:) = H k -i(x) + (f^rP(x) - 5] ff#fc-iO) for any 



4=1 



k > 2, with initial conditions Hq(x) = xP(x) + 1 and H\(x) = P(x)(x — -^x 2 ) — x. In fact, we 



may prove that for any k > 0, 



H,(x) 



P{x) 



E 

.4=0 



?! 



fc+i 

E 



(-!)*(& + 2 



'fc-i 

E 



-!)*(*; — i)* 



4=0 4=0 



^ (-i)«(fc + i-o* 4 

2^ ,-| X 



Let H(x,y) = ^ H k (x)y k , then H(x,y) 



k>0 



P{x)(e x y-l)-y 2 +y 
y(e x y-y) 



Let L(x) = (n-i)\ xn anc ^ = E fall)! 37 " fo r an y & — 0) then L(x) and T (x) sat- 

ra>l n>fe+l 



isfy the differential equations L(x)+xL'(x) = 2xP'(x) and T q (x) + xTq(x) = 2xP(x)+x 2 P'(x), 
respectively. Solving these two equations, we have L(x) = x[P(x)] 2 and T (x) = xP(x). We 
find that T k (x) = T k ^(x) + {k+1 ^ x k+1 P{x) - ^0^x k for any k > 1, equivalently, T k (x) = 

k k 

p (x) E ^f^x i+1 - 2 %lly 2 x\ Let T(x, y) = E T k (x)y k , then T(x, y) satisfies the equa- 



i=0 



i=l 



k>0 



tions (1— y) T(x,y) + x 



,dT(x,y) 



2xP(x)P(xy)+x 2 P(xy)P'(x) +x 2 yP(x)P'(xy)—2xyP'(xy) , 
and T(x, y) — xP(x) = yT(x, y) + xP(x) [P(xy) — 1] — xy[P(xy)} 2 . The second identity implies 
T(x,y) = xP ( x y){ p ( x )-y p ( x y)} _ 



Let F kt8 (x) = E ?n-n xn for any s > A; > 0, then 

n>s+l 



F kjS (x) = T s (x) - ^2 



(k - i + l)(k + ly- 1 



-x l Fi 



k—i,s- 



(X) 



with the initial condition F , s (x) = T s (x) and F k:S (x) = E Lj ^r ±J ^x i T s - i (x). Let F fc (x, y) 



i=0 



E F k:S (x)y s for any A; > 0, then 



s>fc 



y) = T(x, y)-J2 Ktoy* - £ ~ - + ^ + ^ WJUifo y) 



i=0 



i=i 



and 



ft,,, ,) = T(x, „ ± tim+l^L {xy y _ g f '-Wf'W . 



i=0 



s=0 i=0 



Let y, z) = E y)«*, then F(x, y, z) = ^feg^ . 



fc>0 



Let D kyS (x) = E fa^Tif ^" for any s > /c > 0, then when s = k, we have 



P(s) E - E 



z/ A; = 
i/ fc = l 
x l if k>2 



i=0 i=0 

When s > k + 1, D kyS (x) satisfies the following recurrence relation D kyS (x) = D k _ 1>s (x) + 
fc+i fc 

(fTT)T^-fc-i(^) - E ^ D k-i,s-i{x) , with initial conditions D 0>0 (x) = xP(x) and £> , s (^) = 



i=i 



k+l 



Ts-^x) for any s > 1, equivalently, £> M (x) = E (-1)^-^) [(A; + 1 — i)* — (A; + 2 — i)*] . 



i=i 



Let D k (x,y) = D kyS (x)y s for any k > 1, then D k (x,y) satisfies the following recurrence 



relation 

D k (x, y) = D k ^{x, y) - D k _ hk _ 1 (x)y k ~ 1 - D k ^ k (x)y k + D k , k {x)y k 
with initial condition D (x) = xP(x) + T(x, y), and 

k+1 i 

D k (x,y) = D k 4x)y k + J2(- l Y^[( k + l -iY-( k + 2 -iY] T (x,y) 



i=i 



" E D" 1 )' [(k + l-^y-(k + 2- if] T s (x)y s 

s=0 i=i 

. Let y, z) = £ y)z fe , then D(x, y, z) = xe ^}± yz) + ^F(x, y, z). 

fc>0 

We are interested in the asymptotic behavior for some sequences since there are no explicit 

k 1 

formula for some sequences. Let [i k = lim f n '^Z-\ ; then \i k = 1 — £ (fc-»+i)(fc+i) — e~ l p k _i 
for any k > 1 and /i = 1, equivalently, fJ-k = Yl ^^-^p—^-e~ l . Let = £ A^ 3 ^ 

i=0 fc>0 

then = (e~ — x)~ l . let % = lim f n n?~\ for any > and rj(x) = Y Vk% k , then 

any £ > 1 and t(x) = Y T i xl ■> then tj — ti +1 = e ~ l with the initial condition T\ — 2 and 



(i-iy. 

i>i 



t(x) 



i • Let p ijfc = lim (n ^.f "„_ 2 , then p, )fc = p hk _ x - Y^rrPhk-i for an y fc - 1 ' 

fc 



equivalently, = p ij0 £ \i — e \ Let p,(a;) = Y P/.fcZ and p(x,y) = Y Pi( x )v , then 

i=0 fc>0 1>1 

y 2 y i 

Pi( x ) = pi, (e^ - a;)" 1 and p(x,y) = g^^r - Let \ k = Urn fr^T-a for any fc > and 
Z > 1, Xi(x) = Y ^i,kX k and A(x, y) = £ k{x)y\ then A; jfc = £ > = ^V^'fa) 

fc>0 1>1 i=l 



and A(x, y) 



s f_l £p(£)-2i/ 



z(e e — x) 2/ 1 

We organize this paper as follows. In Section 2, we give some enumerations of parking 
functions . In Section 3, we obtain the generating functions of some sequences; In Section 4, 
we study the asymptotic behavior for some sequence in previous sections. In Appendix, we 
list the values of -P^.< s for n < 7. 



2 Enumerating parking functions 

In this section, we give some enumerations of parking functions. 
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When m > n, Riordan [TT] gave the following explicit formula. 



Lemma 2.1. [TT] p n ,m;<m = (m — n + l)(m + l) n 1 for any n < m. 

Now, for m > n, we let k = m — n. For any a G V n , n+ k;< n +k, suppose parking spaces 
mi , ■ • • , nik are empty in n + k parking spaces. Let 

rrii — 1 if i = 

Ti = < mi+i —rrii — 1 if i — 1, • • • , k — 1 
n + k — nik if i = A; 



Clearly, = n. Let 



i=0 



5; 



{i I 1 < aj < mi - 1} 



if i = 



{j | mj + 1 < aj < m i+ i — 1} if z = 1, • • • , k — 1 
{j | ?™fc + 1 < % < + /c} if i — k 

and «j = (aj)j & Si be a subsequence of a determined by the subscripts in Si, then \Si\ = r$ and 
«i correspond to a parking function of length r, for each i There are ( n r J ways to choose 
r , • ■ ■ , r> numbers from [n] for the elements of So, ■ ■ ■ , Sk respectively. There are (r< + l) r » _1 
possibilities for for each < i < k. Hence, we obtain the following lemma. 



Lemma 2.2. For any n > and k > 0, we have 



Pn,n+k;<n+k 



77 



roH hr fc =n x ' '"' i=0 

On the other hand, we derive a recurrence relation for p n ,n+k;<n+k- 

Lemma 2.3. For < k < n — 1, the sequence p n ,n+k;<n+k satisfies the following recurrence 
relation 



Pn,n+k\<n+k / I . I PiPn— i,n+k— i— l;<n+fe- 

i=o 



Proof. For any a — (a\, ■ • ■ , a n ) G V nt n+k:<n+k, we suppose the last empty parking space 
is 77 + k — i. Obviously, < i < n. Let S — {j | n + k — i + 1 < dj < n + k} and a$ be a. 
subsequence of a determined by the subscripts in S, then |5| — i. Suppose as — (&i, • • • , b i+ k), 
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then (61 — n+i, • • • , bi + k — n+i) G V{. Let T = [n]\S and c*t be a subsequence of a determined 
by the subscripts in T, then \T\ — n — i and a T G P n _j jn+ fc_j_i ; < n+ fc_j_i. 

There are (") ways to choose % numbers from [n] for the elements in S. There are pi and 
p n -i t n + k-i-i-< n +k-i-i possibilities for as and ctr, respectively. Hence, we have 

-ST f n \ 

Pn,n+k;<n+k / J I . J PiPn—i,n+k—i—l;<n+k—i—l- 



When n > m, at least n — m cars can't find parking spaces. We count the number of 
preference sets in V ntm -< m - n - m for n> m. 

m-2 

Lemma 2.4. p n , m; < m;n _ m = m n - £ (") (i + l) i_1 (m - i - l) n ~* /or any m < n. 

Proof. Let A be a set of parking functions a — (01, • • • , a n ) of length n such that e [m] 
for all i, then |A| = m n . Next, we count the number of the elements a in A such that there 
are some empty parking spaces. Since there are some empty parking spaces, we may suppose 
the first parking space which couldn't be occupied is i + 1. Obviously, < % < m — 2. Let 
S = {j \ dj < i, dj G a} and as be a subsequence of a determined by the subscripts in S, 
then \S\ = i and as G V{. Let T = [n] \ S and be a subsequence of ct determined by the 
subscripts in T, then \T\ = n — i and % + 2 < a,j < m for any j G T. 

There are (") ways to choose % numbers from [n] for the elements in S. There are (i + l) 1 ^ 1 
and (m — i — l) n ~* possibilities for the parking function as and the preference set ar, respec- 

m-2 

tively. Hence, we have p n ,m;<m;n-m = m n - Yl (") (i + - i - l) n ~ l ■ ■ 

Now, we consider the problem of enumerations of parking functions in V n -< s - Let j5 0; <o = 1 
and Pn-,<o = for any n > 0. 

Lemma 2.5. For any 1 < s < n, we have p n; < s = Pn,s;<s;n-s- 

Proof. For any a — (a±, ■ • ■ , a n ) G V n; < s , if we erase parking spaces s + 1, s + 2, • • • , n, 
then there are exactly n — s cars which can't be parked since dj < s. So, a G V ntS; < s - n - s . 
Conversely, for any a G 7\ s; < s;ra _ s , since there are s parking spaces, if we add n — s parking 
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spaces, then all the cars can be parked. We have a G V n -< s - Hence, p n -< s = p niS - 



<s:n—s- 



Using the identity s n = Yl (™)(* + 1)* 1 ( s — * — 1)™ 1 an d let s = n — fc, we obtain the 



i=0 



following corollary. 



fc+i 

Corollary 2.1. For any < fc < n - 1, p n -,<n-k = £ (—1)* (7) (n — i + l) n-i-1 (fc + 1 — *)*. 

i=0 

In the following lemma, we give two recurrence relations for p n; < n _fc. 

Lemma 2.6. Let k be an integer with k > 1. For any n> k, the sequence p n -< n -k satisfies 
the following two recurrence relations 

Pn;<n-k = Pn;<n-k+l ~ ( . )Pn-i;<n-k (1) 

i=l 



and 

p n; < n _ fc = (n + l)"" 1 -^Q(^i + 1)(H l) <_1 Pn-i ; <n-*- (2) 

Proof. First, we consider Identity (1). Given 1 < k < n, for any a = (ai,--- , a n ) G 

P n; < n _ fc+ i, let A(a) = \{j e [n] \ aj = n - k + 1}| and A fc)i = {a G V n .< n - k +i \ X(a) = i}. 

k 

Obviously, p n< <n-k = p n -,<n-k+i - Yl \Ak,i\- It is easy to obtain that \A k ,i\ = (^)p n -i;<n-k for 

i=l 

any i G [&]. Hence, we have 



Pn;<n-k — Pn;<n-k+l ~ ( . j 

i=l 



Pn—i;<n—k- 



For deriving Identity (2), we count the number of the parking functions a = (ai, • • • , a n ) 
satisfying a« > n — k for some z. Let S 1 = {j \ dj < n — k,aj G a} and cts be a subsequence of a 
determined by the subscripts in S. Let T = [n]\S and «t be a subsequence of a determined 
by the subscripts in T, then 1 < \T\ < k and n — k + 1 < a_y < n for any j G T. Suppose 
|T| = i and «r = (61, • • • , h), then (bx — n + k, ■ • • ,bi — n + k) G Vi t k t <k- 

There are ("j ways to choose i numbers from [n] for the elements in T. Note as G 
V n -i,n-k;<n-k,k-i- There are p„_ iiri ,_ fc; <„_ fc>fe _; and Pi,k-<k possibilities for a s and a T , respec- 
tively. Since Pi t k-,<k = (k — i + l)(k + for any i < k, by Lemma \2.5\ we have 

Pn;< n - k = (n + I)™" 1 - ^ f"Vfc - Z + l)(fc + l)^Vn- i; <n-fc. 

i=l ^ ' 



Example 2.1. Take n = 7 and k = 4. By the data in Appendix, we find P7-<3 = 2052, 

4 

p 3; <3 = 16, p 4; < 3 = 61, p 5; < 3 = 206, p 6; < 3 = 659. It is easy to check thatp 7 .< 3 = 8 6 -J] (I)(5- 

i=i 

z)5 i_ V-i;<3- 



Corollary 2.2. For any > 1 and n > k + 1, we have 

Pn;=n-k = Pn;=n-k+l + ^ " ^ J - k) n ~ k ~ 2 - ^ (^j Pn-i;=n-k 

with Pn -n = n n_1 . 

Proof. It is easy to check that p n - n = (?)p n _i = n n_1 for any n > 1. Note that 

p n . =n _ k+1 = p n; < n _ fc+1 — p n .< n _ k for any fc > 1. By Lemma 1231 we obtain the results as 

desired. ■ 



In next subsection, we investigate the problem of enumerations of parking functions by 
leading term. Sen-peng Eu et. al.pQ have deduced the following lemma. 

Lemma 2.7. [1] The sequence p l n satisfies the following recurrence relations 

pL-P^^^Ziy-^n-l + lY 1 - 1 - 1 (3) 
for 1 < I < n — 1, with the initial condition 

pi =2(n + l)"- 2 . 

We consider enumerations of parking functions by leading term in V n -< s . 
Theorem 2.1. For any 1 < / < s < n, 

A,<. = - £ (" 7 y,(» - i - ir'- - £ ("I I)* - * - D"-- 

Proof. Let A be the set of the sequences (I, 02, ■ ■ ■ ,a n ) of length n with leading term 
I such that ai < s for all i, then \A\ = s n_1 . Next, we count the number of the elements 
a in A which aren't parking functions. Since a isn't parking function, we may suppose the 
first parking space which couldn't be occupied is i + 1. Obviously, < i < s — 2. Let 
S = {j \ aj < i, aj e a} and as be a subsequence of a determined by the subscripts in S, 
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then \S\ = i and as G V%. Let T = [n] \ S and a-r be a subsequence of a determined by the 
subscripts in T, then \T\ = n — i and % + 2 < a,j < k for any j G T. Now, we discuss the 
following two cases. 
Case I.0<i<l-2 

Obviously, 1 G T. There are ( n ~ 1 ) ways to choose i numbers from [2, n] for the elements 
in S. There are pi and (s — i — i) n_ * _1 possibilities for as and ay, respectively. 
Case II. I < i < s — 2 

Note 1 6 5, hence, there are ways to choose i — 1 numbers from [2, n] for the other 

elements in S. Since the leading term of as is m, there are and (s — i — l) n ~ l possibilities 
for as and «t, respectively. 

So, the number of the elements a in A which aren't parking functions is equal to 

g (" : - < - 1)-'- 1 + £ (":!V'< s - 1 - 

Hence, 

14* = - £ (" 7 1 V* - < - 1)"- 1 - f ("Ii)^( s - 1 - D"' 

8=0 ^ ' i=l \ ' 

■ 

Example 2.2. Take n = 7, s = 6 and / = 3. .By the data in Appendix, we find p^. <e = 

i 

23667, Pq = pi = 1, P3 = 3, p\ = 25. It easy to c/iec/c t/iat P7.< 6 = Q 6 — Yl ( 6 )Pi(5 — z) 6-1 — 

i=0 * 

i=3 

Corollary 2.3. p„. <n = p n ~i f or any n > 1 . For any 1 < s < n — 1, we have p s n . <s = 

Pn-l;<s- 

Proof. Taking I = s in Theorem 12.11 by Lemmas 12.41 and 12.51 we immediately obtain 
Pn-<s = Pn-i-,<s- Also we give this identity a bijection proof. For any a = (s, 01, • • • , a n _i) G 
7-^.< s , it is easy to obtain that (ai, - • • , a n _i) G V n -i-< s . Obviously, this is a bijection. Hence, 
Pn-< s = Vn-i-,<s for any 1 < s < n — 1 . Using the same method, it is easy to prove that 
Pn-,<n = Pn-i for n > 1. ■ 

Similar to Lemma 12.51 we have the following results. 
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Lemma 2.8. p l n .< s = p^ ; < s;n _ s for any 1 < s < n. 

In the following lemma, we will derive two recurrence relations for p n .< n _ k - 

Lemma 2.9. Let k be an integer with k > 1. For any n > k + 1 and 1 < I < n — k, the 

sequence p l n . <n -k satisfies the following recurrence relation 

k 



Pn;<.n—k Pn;<.n—k J rl 

1 )Pn-i;<n-k (4) 



i=l 



and 



P l n;<n-k = p\ ~ ^ ■ ^ ~ * + 1) (& + ^"VL^n-fc- (5) 

Proof. First, we consider Identity (4). Given 1 < k < n, for any a = (ax,--- , a n ) G 
K;<n-k+i> let = 10' I a j = n-fc + l}| and A H = {a G P£.< n _ fe+1 | A(a) = i}. Obviously, 
Pn ; <n-fc = Pn ; <n-fc+i ~ E |^fc,i|- It is easy to obtain that \A kji \ = (VH-i ; <„_ fe for any z G [A;]. 



Hence, we have 



E/n-l\ , 
I • JPr 

i=l ^ ' 



Pn—i;<n—k' 

For deriving Identity (5), we count the number of the parking functions a = (ax, ■ ■ ■ , a n ) G 
V l n satisfying a« > n — k for some i. Let S 1 = {j | aj < n — k, aj G a} and as be a subsequence 
of a determined by the subscripts in S. Let T = [n} \ S and ax be a subsequence of a 
determined by the subscripts in T, then 1 < \T\ < k and n — k + 1 < aj < n for any j G T. 
Suppose \T\ = i and a? — (bx, • • • , then (6i — n + fc, • • ■ , 6, — n + fc) G Vi,k;<k- 

Since 1 G S 1 , there are ("7 1 ) wavs to choose i numbers from [2, n] for the elements in 
T. Note that a s G V l n , n _ k . <n _ k tk _ { . There are p^ „_ fe .<„_ fe and p iifc; < fc possibilities for 



parking functions as and ay, respectively. By Lemma [2. 8 [ we have 

E ( n - A i 
I • )Pi,k;<kPn-i;<n-k- 



Example 2.3. Ta£;e n = 7, k = 1 and 1 = 3. By the data in Appendix, we find Pj. <e 
23667, pf = 40953, p|< 6 = 2881. # easy to c/iecA; Sfcat p?.< 6 = p? - (f)P%< 6 - 
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Corollary 2.4. p" =n = p n -i and p™.= n _ k = p n -i;<n-k for any k > 1. Let k>l, then 

i i f n ~^ s \ 1 ( n ~~ ^\ 1 

Pn\=n—k Pn;=n—k+l ' _|_ J j^ n ~ ^— 1 / ., y ^ J Pn—i;=n—k 

for any n > k + 2 and I < n — k — 1. 

Proof. Obviously, p™7= n _ k = Pn~< n -k- Hence, we easily obtain that p^. =n = p n -i and 
p£l fc n _ fc = Pn-i;<n-k for any fc > 1. Note that p l n . =n _ k+l = P l n -< n - k+ x ~ P l n .< n -k for I < n - k. 

k 

By Lemma [231 we obtain p l n . =n _ k = p l n , =n _ k+1 + OpLk-i ~ E (VK-i^n-fc for an Y 

i=l 

n > A; + 2 and Z < n — k — 1. ■ 



3 Generating functions of parking functions 

In this section, we give the generating function for some sequences in previous sections. 
For a fixed k > 0, we define a generating functions Q k (x) = p "'" + ^;-" +fc a: n . Let Q(x, y) = 

n>0 

E\ ' Pn,n + fc;<n + fc ^TL „ ,k 
„! x y • 

fc>0n>0 

Theorem 3.1. For any k>0, let Q k (x) be the generating function for p n ,n+k-,<n+k- Then 
Qo{x) = P(x) and Qk{x) satisfies the following recurrence relation 

Q k (x) = P(x)Q k - 1 {x). 

Furthermore, we have 

fc+i 



Let Q(x,y) = ]T Qk(x)y k , then 

k>0 



Q k (x) = [P(x)] k+1 . 



n( \ P(x) 
Q{x,y) 



i-yP{x)' 

Proof. Clearly, Qq(x) = P(x). By Lemma [2.31 we have 



n 



Q ^ x) = Pn,n + k,<n + k xn = ^ ^ K Pn-i,n+fc-i-l ; y+fc-i-l %n = p^Q^^ 

n>0 n>0 i=0 v > 

Therefore, Q k (x) = [P(x)] h+1 for any k > and Q(x,y) = x_^pL) ■ 



Now, for a fixed k, we define a generating function R k (x) = ^2 n 'n\ ' ' x% 

n>k 
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Theorem 3.2. Suppose k is an nonnegative integer. Let Rk(x) be the generating function 
for p n „<n-k- Then Rq(x) = P(x) and Rk(x) satisfies the following recurrence relation 



fc+i , 
x 



Rk+i(x) = Rk(x) — E —Rk+i-i(x 



i=i 



for any k > 1, with initial condition Ri(x) = (1 — x)P(x) — 1. Furthermore, we have 

i=0 j=0 

Proof. Clearly, i? (x) = P(x). Taking /c = 1 in Identity (1), we obtain that p n -<n-i = 
p n — (")p n _i. This implies that R±(x) = (1 — x)P(x) — 1. For any k > 2, using Identity (1), 
we have 



fc+i , N 

E Pn;<n-k-l n Pn;<n-k n _ / 71 \ Pn-i;<n-k-l 

n\ ^ n\ X ^ ^ UJ n! 

n>fc+l n>fc+l i=l n>fc+l x x 



X" 



fc+1 j 

EPn;<n—k n X \ p n -i-< n —k—l 

n\ ^ %\ ^ (n- i)\ 

n>k+l i=l n>k+l K ' 

fc+1 . 

Since p fc; < = for any k > 1, we have i? fe+ i(x) = i? fe (x) - J] ffi? fc+ i_j(x). 

i=i 

It is easy to check that Identities (6) hold when k — 0, 1. We assume Identities (6) hold 
for any k' < k. Then 

fc+i , 
x 



i? fe+ i(x) = i? fc (x) - ^ — R k+1 _i(x) 



i=l 



k 
i=0 


(-1) J (A: + 1 


i! 


fc+1 j 


fc+l-i 


x 

i=l 


^) E 

J"=0 



-x* - V tWLdl j 

i=0 

fc- 



(-iy(k + 2-i- jy _ ^ (- \y(k ■ l ; ;,y 



Note that 



7 ' 7 

J j"=o J 



^ (-i)-(fe - ^ x-^ (-iy(k + 1 - i - jy x . 

i=0 i=l ' j=o J ' 



fc 1 / i \ 4 / i ' \ 4 fc 



E ( ^ -EttK*- *>' - < ! - * - !)1 

i=0 

fc 

E 



2! ' 2! 

1=0 i=l 

fc 



(- !)»(& + 
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Hence, 



Rk+lix) = P(x) h&l^ _ £ '-^r 1 



1=0 



i=0 



Corollary 3.1. Lei R(x,y) = R k (x)y k , then 

k>0 



R(x,y) 



P{x) - y 
e xy — y 



fe+i 



Proof. By TheoremEg we have £ R k+ i{x)y k = £ R k {x)y k - ]T J] f i4+i-i(»2/ fc . So, 

fc>l fc>l fc>l i=l 

we obtain 



1 e IS/ - 1 

- y) - R (x) - Ri(x)y] = R(x, y) - R (x) R(x, y) + xR (x). 

y y 



Hence, 



R(x,y) 



P{%) - y 

e xy - y 



For a fixed k, we define a generating function H k (x) = ^7 



Pn; = n — k fl 



x . 



n>k 



Corollary 3.2. Let k > and H k (x) be the generating function for p n -,=n-k- Then H k (x) 
satisfies the following recurrence relation 



k+l 



i=l 



for any k > 2, with initial conditions H (x) = xP(x) + 1 and H\{x) = P(x)(x — \x 2 ) — x, 
equivalently, 



H k (x) = P{x) 



(-i)«(fc +i-iy t *±* (-mk+2-zf . 

i\ x 2^ i\ x 



i=0 



'fc-1 



2^ ,-i x 



.i=0 1=0 

Proof. By Corollary 12. 2} for any A; > 1, we have 

Jfc+i 



H k (x) = H k _x{x) 



Pfc-1;=0 fc-1 . 3 



(Jfc-l)! (Jfc + l)! 



i=i 
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and Hq(x) = xP(x) + l. Taking k — 1, we obtain H\(x) = P(x)(x—^x)—x. Since Pk-i-=o = 



for any k > 2, we have 



fc+i 



H k {x) = H k ^(x) + X + P{x) - ^H k ^{x) 



i=l 



By Lemma ESI since Pn ]= n-k+i = p n; <n-k+i ~ Pn;<n-k for any k > 1, we have 



Pn;=n— 



E 

i=l 



Pn—i;<n—k- 



So, Hfe_ x (x) - ^4)1° x fc 1 = X] fr^-K^)- Since Pfc;=o = for an y > 1, we have 

i=l 

H k {x) = ^2-j-R k +i-i(x) 

i=l ' 
fc+1 

= E 



i=l 



P(x) 



7T 



p(x) 2^ ^ ^ - 2^ ^ x 



J- 



3=0 



i=0 



i=0 



fc-1 



(_l)*(fc _ j)^ , _ * 

7 1 7! 



i=0 



i=0 



Corollary 3.3. Let H(x,y) = H k (x)y k , then 

k>0 



H(x,y) 



P(x)(e xy -l)-y 2 + y 

y(e xy - y) 



k+l 



Proof. Note that H (x) = 1 + xP(x) and H k (x) = jfRk+i-i(x) for any k > 1. Hence, 



i=l 



fe+i 



ff(a;,j/) = H Q (x) + J2J2~\ Rk + 1 -^ yk 

k>l i=l 

e xy - 1 



1 + 



y 



-R(x,y) 



P(x)(e xy -l)-y 2 + y 

y(e xy - y) 

■ 

Let ifj(x) = xe~ x , it is well known that xP(x) is the inverse function of ip(x), i.e., 
ip(xP(x)) = x. Hence, we have i(/(xP(x))[P(x) + xP'(x)] = 1, this implies that P(x) sat- 
isfies the differential equation P'(x) = [P(x)} 2 + xP(x)P'(x). 
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Let L(x) = E {n-v\\ xU ■ For a fi xe d ^ > 0, we define a generating function T^[x) = 

n>l 

E and y) = H T k {x)y k . 

n>k+l k>0 

Lemma 3.1. Let Tq(x) and L(x) be the generating functions for the sequences p™ and p^, 
respectively, then L(x) and T (x) satisfy the following differential equations 

L(x) + xL'(x) = 2xP\x) 

and 

T {x) + xT^x) = 2xP(x) + x 2 P\x), 
respectively. Furthermore, we have L(x) = x[P(x)] 2 and Tq(x) = xP(x). 

Proof. Lemma O tells us that p l n = 2(n + l) n ' 2 . By comparing coefficient, it is easy 
to prove that L(x) satisfies the differential equation L(x) + xL'(x) = 2xP'(x). Since P'(x) = 
[P(x)] 2 + xP(x)P'(x) and L(0) = 0, solving this equation, we have L(x) = x[P(x)} 2 . 

In Lemma 12.7} take I = n — k, then 

•n-k m n~k+l I n ~ 1 \ i „ ,\n-k-2fi . 1 \k-l 



pT-Pn + =[ k J ( n ~ k) (k + 1) (7) 



for 1 < k < n — 1. So, we have 

vl-Pl = Y,( n ~ k l \ri- k) n - k -\k + l) k -\ 
k=i ^ ' 



n— 1 

Therefore, E j^x n - E j^x n = E E ^'V - We obtain that T (x) = 

n>l n>l n>l fc=l 

L(x) + xP(x) - x[P(x)] 2 . Since L(x) + zL'O) = 2xP'(x) and P'(x) = [P(V)] 2 + xP(x)P'(x), 
we have + xTq(x) = 2xP(x) + x 2 P\x). Note that T (0) = 0, solving this equation, we 

have T (x) = xP(x). ■ 

In the following lemma, we give bijection proofs for T (x) = xP(x) and L(x) = x[P(x)} 2 . 

Lemma 3.2. For any n > 1, there is a bijection from the sets P™ ( resp. V\ ) to V n -i ( 
resp. V n -i tn; < n ). Furthermore, we have T (x) = xP(x) and L(x) = x[P(x)} 2 . 

Proof. For any a = (n, ai, • • • ,a n _i) G V%, it is easy to check that (a±, • • • , a„_i) G 
V n -\. Obviously, this is a bijection. Hence, = p n -\ for any n > 1 . Similarly, for any 
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(3 = (1, b u ■ ■ ■ , b n -i) G V\, we have (61, • • • , 6„_i) G P n -i,n;<n- Clearly, this is a bijection. So, 
= p n -i,n;<n for any 71 > 1. 

By these two bijections, simple computations tell us that T (x) = xP(x) and L(x) = 
x[P(x)f. ■ 

Theorem 3.3. Let k > 1 andT k (x) be the generating function for the sequence p^~ k , then 
T k (x) satisfies the following recurrence relation 

\k-l nfu 1 -\\k-2 



T k {x) = T^x) + ^—x^P^x) - 2 -^ j ±Jl )] 



equivalently, 



i=0 

Proof. From Identity (7), we have 

V ^ r n V PS"* +1 r n_ ( fc + 1 ) fc " 1 r fc V ^ ~ ' ' 

^ (n-1)! ^ (ra-1)! "~ k\ ^ (n-k-l)\ 

n>k+l V ' n>k+l K 1 n>k+l V 1 



X 



. Hence, 



T k (x) = T k _i(x) + {k + ^ - x k ^P(x) - 2( ( fc fe + _ 1 1 ) ) ," xK 



Corollary 3.4. Let T(x,y) = Tk(x)y k , then T(x,y) satisfies the following equations 

k>0 



2xP(x)P(xy) + x 2 P(xy)P'(x) + x 2 yP(x)P\xy) 
-2xyP'(xy), 



and 

T(x, y) - xP(x) = yT(x, y) + xP(x) [P{xy) - 1] - xy[P(xy)f 
The second identity implies that 

_ xP(xy)[P(x)-yP(xy)] 
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Proof. By Theorem 13.31 we have 

E T ^)y k = yJ2 T ^y k + xP W E {±± w—^ k - E ^zw- W* 

fc>l fc>0 fc>l ' fe>l ^ 

Since T(x,y) = ^ T k (x)y k , we have T(x,y) — T (x) = yT(x,y) + xP(x)[P(xy) — 1] — L(xy). 

k>0 

By Lemma |3~TI T(x,y) satisfies the following equations 



(1-2/) 



™/ v . dT(x,y) 
1 (x, y) + x- 



dy 



2xP(x)P(xy) + x 2 P(xy)P'(x) + x 2 yP(x)P'(xy) 
-2xyP'(xy), 

and 

T(x, y) — xP(x) = yT(x, y) + xP(x) [P(xy) — 1] — xy[P(xy)} 2 . 

Hence, 

xP(xy)[P(x) — yP(xy)] 



T(x,y) 



1-2/ 



Given s > k > 0, we define a generating function F ktS (x) = Yl ^n-"/ 3 '"' ^ ^k(x,y) = 

n>s+l 

E F k,s( x )y s and F (?,y,z) = F k (x,y)z k . 

s>k k>0 

Theorem 3.4. Lei s > > an<i F k)S (x) and T s (x) be the generating function for p™7< n _ k 
and p™~ s , respectively, then F k ^ s {x) satisfies the following recurrence relation 



F k , s (x) = T s (x) - E (k t + 1) } k + irl x l F k _ h U*) (8) 

8=1 

for any 1 < k < s, with the initial condition Fo, s (x) = T s (x). Furthermore, we have 

F k , s (x) = E ( " 1),(fc .| 1 "° , ^r a _ i (x). (9) 

i=0 

Proof. Taking / = n — s in Identity (5) of Lemma [2.91 we have 

tign-k = pt s - E ( n 7 x ) ( fc - 1 + *)(* + ir'Ki.w,. ( 10 ) 

Note that ^"< s n = p n ~ s . Hence, F 0)S (x) = T s (x) = £ (Sl^™- b Y Identity (10), we have 

n>s+l 

V p n;<n-k n _ p"~ 3 „n _ v> (fc-i+l)(fc+l)'~ 1 p"_- ; <„_ fc n tt 

Z^ (n-1)! x — (n-l)! x Z^ Z^ i! (n-i-1)! x ' nellle ' 

n>s+l n>s+l n>s+l i=l 

, S m f \ ^ (k ~ i + l)(k + If' 1 ■ 

= T a (x) - E " T —x l F k - hS -i(x) 

i=i 
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fc' 



We assume that F k > jS (x) = 



(-iy(k'+i-iy „j 



x l T s _i(x) for any k' < k, then 



i=0 



fc+i 



i=i 
fe+i 



t s (x) - £ ( mk+2 iy x% _ i{x) ^ / a (jfc + 2 _ + 2r i . i 

Z ' 1=1 ^ 



i=l 



+ 2 — m' 



E ( - 1>,( V 2 ""' ^-w 

i=0 



Corollary 3.5. Let A; > and F k (x,y) = F kjS {x)y s , then Fk(x,y) satisfies the following 

s>k 

recurrence relation 

F k (x, y) = T(x, y)-J2 T^y* - E ( * ~ ' + ^ + ^'"W ^-ifo y), 



i=0 



i=l 



equivalently, 

k 

F k (x,y)=T(x,y)J2 



ii 



k-l k-l-s 



(-lY(k + 1 -i) 

l\ 

i=Q s=0 i=0 



Proof. Clearly, F (x,y) = T(x,y). Identity (8) implies that 



E F kyS (x)y s = T s {x)y° - E E ( * ' + ' f + W <,.-<(s)y' 



s>fc 



s>fc 



S>fc 1 = 1 



Hence, 

F*(x, y) = T(x, y)-J2 T s {x)y s - £ ~ " % + ^ + ~ W *fc-ifo y), 

s=0 i=l 

Furthermore, by Identity (9), for any k > 1, we have 



s>fc i=0 
fc 



i=0 



?,! 



fc-1- 



T(x,y)- E 



r(*,v)E 



s=0 
fc-1 fc-l-i 



<*»>' - E E 



'-!)*(*;+ 1 



i=Q 



s=0 i=0 



1 1 



(xyYT s (x)y s . 
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Corollary 3.6. Let F(x,y,z) = F k (x,y)z k , then 

k>0 



F(x,y,z) 

Proof. By Corollary 13. 5\ we have 



T(x,y) - zT(x,yz) 



e xyz _ z 



F(x,y,z) = F Q (x,y) + ^F k (x,y)z k 

k>l 



(xy) l z 



k>0 i=0 
fc-1 fc-l-s 



EE E ( " 1),( ^ 1 "* )f w^w^ 



fc>l s =0 i=0 

T(x,y) - zT(x,yz) 

e xyz _ z 



Given s > A; > 0, we define a generating function D k>s [x) = E p^rrf x n - 

n>s+l 

Corollary 3.7. Let s > > and D k)S (x) be the generating function for p™7j n _ k . Then 
when s = k, 

xP(x) if k = 

if k = l 



Dkk(x) = < 



x[P(x) - 1] 

P(x) E - E i/ fc>2 

1=0 2=0 

When s > k + 1, D k}S (x) satisfies the following recurrence relation 

D kj8 (x) = D k - lj8 (x) + T s _ fc _i(a:) - — D k - iiS -i(x), 

+ 1). , =i 2. 

mt/i initial conditions D 00 (x) = xP(x) and D 0>s (x) = T s _i(x) for any s > 1. Furthermore, 
for any k > and s > A; + 1, we have 



k+l 



i=l 



D kjS (x) = J2(-iy-T s ^( x ) [(k + i- iy - (k + 2 - i)*] . 



Proof. Corollary l2.4l implies that D q(x) = xP(x) and D k<k (x) = x 



R k -i(x) - 



Pfc-1;<0 „fc— 1 
(fc-1)! x 



for any > 1. Hence, = x[P(x) — 1] since po ; <o = 1- When k > 2, D k>k (x) = xR k -\(x) 



since Pfe_i ; <o = 0. So, by Theorem 13.21 we have 

D k>k (x] 



f (,)f'-W-^ ^ (-D'(* -1-0 



=0 



E 

i=0 
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n— k r. 
X 



for any k > 2. 

Furthermore, by Corollary 12. 4} for any k > 1 and s > k + 1, we have 

E I J n;=n-k n _ ^n;=n-fc+l n MjVH n _ ^ i 

(n-1)! ^ (n-1)! ^ (n-l)! ^ ^ (n-1)! 

n>s+l y ' n>s+l v ' n>s+l v 7 n>s+l i=l v y 

Hence, 

D Ks (x) = D k _ liS (x) + r s _ fc -i(x) - — D^^a;). 

fc 

For any s > fc > 1, by Lemma EH1 we have p"~ s n _ fc+1 = X] ("i^K-i^n-fc) hence, D fc _i jS (x) 

k 

^2 \Fk-i tS -i(x). By Theorem 13 .44 for any k > and s > k + 1, we obtain 

i=\ l ' 

fe+l ,j 



i=l 

x 4 (-iy(k + 2-i-jy 

i=l ' j=0 J ' 

fe+l 

1"" < — / 7. \ 



i=i j=i KJJ 

k+l j 

^(-l^T^x) [(fc + 1 - i) 4 - (k + 2 - i 



i=l 



Corollary 3.8. Let k>0 and D}~(x,y) = ^2 D kjS (x)y s , then D k (x,y) satisfies the follow- 

s>k 

ing recurrence relation 

D k (x,y) = D k _i(x, y) — D k _ 1:k _ 1 (x)y k ~ 1 — D k _ ljk (x)y k + D k ^ k (x)y k 



— — \^k-i\x. y) - iy k ^i^iyx)V k 
i=i ' ' 

with initial condition D (x) = xP(x) +T(x,y). Furthermore, we have 

fe+i 



D k (x) = D k>k (x)y k + J2(- i y-[[( k + 1 -^-( k + 2 -^] T (^y) 

i=i 

fe— 1 fc— S ; 

~ E T [{k + l-i) i -(k + 2- if] T s (x)y°. 



22 



Proof. By Corollary 13.71 it is easy to check that 

Dq{x) = xP(x) + T(x, y). 
Furthermore, for any k > 1, we have 

D k>s {x)y s = D k ^ s (x)y s + E * ' T s ^ x {x)y s - E E TP^-M^W 

s>k+l s>k+l s>k+l \ >' s>k+l t=l 

Hence, 



D k (x,y) = D k ^(x,y) - D k ^ k ^(x)y k 1 - D k „ 1>k (x)y k + D Kk (x)y k 

k 

k— il 



i=l 

On the other hand, 



Dk(x,y) = ^2D kjS (x)y s 

s>k 

= D Kk {x) y k + E D kA x )y s 

s>k+l 

k+1 i 

= D Kk {x)y k + Yli-lY^T.-tix) [{k + l-iy-{k + 2- %f\ y s 

s>k+l i=l 

fe+1 a k—i 

= D Kk {x)y k + [(k + l-tT-(k + 2- if] [T(x, y) - E T s (x)y s ] 

i=l ' s=0 

fe+1 j 

= £>fe )fc (x)2/ fe + E^ff [(* + 1 - *)* - (* + 2 - *)'] J/) 
i=i 

- E E(- 1 ) 4 7T + 1 - o* - (* + 2 - o*] T s (x)y s . 



=0 8=1 



Corollary 3.9. Let D(x,y,z) = Yl D k (x,y)z k , then 

k>0 

D{x , y ^ y Z {x) ~ vz) + —^). 

e xyz — y Z z 



k 

Proof. For any s > k > 1, by Lemma [231 we have p™7j n _ k+1 = ("7 )Pn-t<n-ki hence, 

i=1 



23 



k 

D k _ hs (x) = fFk-i,s-i(x). So, 

i=l 



Therefore, 



D k(x,y) = ^2D ktS (x)y s 

s>k 

= D ktk (x)y k + J2 D Ks{x)y S 



s>k+l 

k+1 i 

D Kk (x)y k + ^2^ F k+i-i,s~i{x)y s 

s>k+l i=l 

D k , k (x)y k + ^Y-F k+1 _ t (x, y). 

i=l 



D(x,y,z) = £z> M (x)(yz)* : + Y^ { ^F k+l _ l (x,y)z k 

k>0 k>0 i=l 



J2 D Kk (x)(y Z ) k + ufiv Fk -^ y> h 



P^FUx, y y 

k>0 k>0 i=0 

e xyz _ -y 

xP(x) — xyz + xyzR(x, yz) H F(x, y, z) 

e xyz — y Z z 



4 The asymptotic behavior of the sequences 

In this section, we consider the asymptotic behavior of the sequences in previous sections. 
First, we study the asymptotic behavior for p n . <n _ k . For a fixed k, let u k = lim ? n j^?~\ 
and define a generating function fj,(x) = ^i k x k . 

k>0 

Theorem 4.1. Let k > 0. The sequence fi k satisfies the recurrence relation 



and fiQ — 1, equivalently, 



k ( k - i + i)( k + iy-i _ t 

/ifc = 1 - 2^ ~y e V*fc-i 



^ = 2^ -i e 

i=0 



Let n{x) be the generating function for ji k , then 

fi(x) = (e« — x) -1 . 
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Proof. Clearly, //q = 1. Since we have used Identity (1) in Lemma [2.61 to prove Theorem 
we want to obtain the results in Theorem 14.11 by Identity (2) in Lemma 12.61 For a fixed 
> 0, we have lim (") ^Zt^l-l = ^r- Hence, 



//* = 1 - 2_, r — e ^ fc - 

8=1 Z ' 

fc' 

Now, we assume that [i^i = Yl ( '~ 1 ' > ( ^ fc | +1 ~^ for any A;' < fc, then, 

i=0 

1 ^ (A;-z + 2)(fc + 2) 1 - 1 
^fc+i — i — > . n e A'fc+i-i 

*+ J (A;-^ + 2)(fc + 2) J - 1 _. k ^ i (-iy(k + 2-i-jY _,. 



v. *■ — ' V. 

i=l j=0 J 

W (-l)'(H2- ! )\_ 1 ^a ( „ in ,„„ , ,h/ 1 

'-J 3=1 ^ 



fc+i 

£ 



A; + 2-?' 



A ' +1 ^ 1 )'"(/,• • 2 - Q'" 



2! 
i=0 



Hence, 



m*) = E E ji — - e x 

fc>0 i=0 

fc>0 i>0 



For a fixed /c, let % = lim ( Pn J_ . !' n _ fc x and define a generating function r](x) — ^ ?7fc£ fc - 
Corollary 4.1. % = £ H)' e -* - £ (-^^V * /or any k > 0. Le£ r?(x) 6e £/ie 

i=0 '' i=0 

generating function for rjk, then rj(x) = 6 %~ . 

k _. 

Proof. By Lemma 12.6} we have = ^rl^k-i for any k > 1. Hence, by Theorem 14.14 

i=l ' 

for any A; > 0, 

fc+i e _ % fc +i_< ( _ X) , (A , + 2 _ . _ ^ 

^ = E— E -l e ~ 3 

i=i ' i=o J ' 

* (-Ij^fc + l-jV _. ^ (-i)*(fc + 2-0' 
L> i\ ^ i\ 

i=0 i=0 
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Furthermore, 



fc+i e -i e~ — 1 

v( x ) = Yl Yl -r^k+i~ix k = n(x) = 

% . Ob 

k>0 i=l 



Now, we consider the asymptotic behavior for p l n . Given I > 1, let T; = lim , ,^ n - 2 ■ 

n— >oo ( , n + i - 1 

Clearly, T\ = 2. We define a generating function r(x) = T i x> ''■ 

i>i 

Lemma 4.1. The sequence Ti satisfies the recurrence relation 

jl-2 

Tl - Tl+1 = JT^Yy 6 ' 1 

for any I > 1, with the initial condition T\ = 2. Let r(x) be the generating function for T\, 
then 

t(x) 



^P(^)-2x 



X- 1 



Proof. For a fixed / > 1, we have Jim^ Kl ( n+1)w -2 = jpf)\- So, r x - r i+1 = jpjye 

Hence, Yl T i xl — Yl T i+i xl — Yl jpry e ~ lxl ■ r ( x ) satisfies the equation (x— 1)t(x)+2x = ^-P(f ) 



i>i i>i i>i 
Equivalent ly, r(x) 



^P(f )-2a: 



x-1 



For fixed / and A;, let pit = hm r P ^s" n _ fc 2 and define a generating function = Y2, Pi k xk - 
Theorem 4.2. Let / > 1, t/ien i/ie sequence pi^ satisfies the following recurrence relation 



Pi,k — Pi,k-i - ^2 ~P [ 



e 

i=i 



for any k > 1. Furthermore, we have pi^ = Pi,o Y ' ^ ~ e % ■ Let pi{x) be the generating 

i=0 

function for p^ k , then pi(x) = pifl(e* — x)~ l . Furthermore, let p(x,y) = Y Pi( x )y l ? then 

i>i 



p( x ,y) = 



(y- l)(e« -x) 
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Proof. Since we have used Identity (5) in Lemma [2.91 to prove Theorem 13.41 we want to 
obtain the results in Theorem 14.21 by Identity (4) in Lemma [2.91 For a fixed i > 0, it is easy 



n^oo 



to obtained that lim ( n . 1 ) ^ n , ^!L_ 2 — = ^r- Hence 

V % J (n+l) n * i\ 

e 



k 

Pl,k — Pl,k-1 — 2^ ~T~Pl,k- 
i=l l ' 



k' . 

Now, assume that pi^> = Pi,o e~ % for any k' < k, then 



i=0 

fc+i 



i=i 



Pi,k+i — Pi,k ~ ^ —r-Pi,k+i-i 



-j e -l^—p^l^ -j e 

i=0 i=l ' j=0 J ' 

£tj (-!)<(& + 2 -fl' _ 4 

/"."L 7\ e 



i=0 

k 



Hence, ^(x) = X] Pifi S — ii e ^ = P«,o(e" - a?) Since = T|, by Lemma ETTJ we 

have 



Pfav) = ^2 T i(e* -x) 1 y l 



-i„.z 

^P(f)-2y 
(y - l)(e« - x) 



For a fixed k, let A^ = lim f^i_-^ n -2 an d define a generating function A^(x) = \i^x h ■ 
Corollary 4.2. Let Xi(x) be the generating function for A^, i/ien A;(a;) = ee ~ 1 pi(x). Let 



\{x,y) = j:\ l {x)y l ,then\{x,y)- ' f "' '~ n - li - 2 " 



z>i 



c(e e — x) 2/ 1 



fc+1 _. fc+1 _. 

Proof. Lemma implies that A i)fe = So, Aj(x) = J2 J2 ^rPi,k+i-iX k 



i=l ' fc>0 i=l 



^ Pl (x). Hence, A(x,y) = ^p(x,y) = -j£gL *> ( g^ . 
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5 Appendix 

For convenience to check the identities in the previous sections, by the computer search, 
for n < 7, we obtain the number of parking functions V l n . <s and list them in Table 1. Note 
that p n . <s = if / > s . 
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I = 1 


2 


3 


4 


5 


6 


7 


8 




(n,s) = (1,1) 


1 

















l 


(2,1) 


1 

















l 


(2,2) 


2 


1 















3 


(3,1) 


1 

















1 


(3,2) 


4 


3 















7 


(3,3) 


8 


5 


3 













16 


(4,1) 


1 

















1 


(4,2) 


8 


7 















15 


(4,3) 


26 


19 


16 













61 


(4,4) 


50 


34 


25 


16 











125 


(5,1) 


1 

















1 


(5,2) 


16 


15 















31 


(5,3) 


80 


65 


61 













206 


(5,4) 


232 


171 


143 


125 











671 


(5,5) 


432 


307 


243 


189 


125 









1296 


(6,1) 


1 

















1 


(6,2) 


32 


31 















63 


(6,3) 


242 


211 


206 













659 


(6,4) 


982 


776 


701 


671 











3130 


(6,5) 


2642 


1971 


1666 


1456 


1296 









9031 


(6,6) 


4802 


3506 


2881 


2401 


1921 


1296 







16807 


(7,1) 


1 

















1 


(7,2) 


64 


63 















127 


(7,3) 


728 


665 


659 













2052 


(7,4) 


4020 


3361 


3175 


3130 











13686 


(7,5) 


14392 


11262 


10026 


9351 


9031 









54062 


(7,6) 


36724 


27693 


23667 


20922 


18682 


16807 







144495 


(7,7) 


65536 


48729 


40953 


35328 


30208 


24583 


16807 





262144 



Table. 1. The values of p l n . <s for 1 < n < 7 
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